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Abstract
The concept of wavefunction reduction should be introduced to standard quantum mechanics in
any physical processes where effective reduction of wavefunction occurs, as well as in the mea-
surement processes. When the overlap is negligible, each particle obey Maxwell-Boltzmann even
if the particles are in principle described by totally symmetrized wavefunction [P.R.Holland,
The Quantum Theory of Motion, Cambridge University Press, 1993, p293]. We generalize
the conjecture. That is, particles obey some generalized statistics that contains the quantum
and classical statistics as special cases, where the level of overlapping determines the statistics
that particles should obey among continuous generalized statistics. We present an example
consistent with the conjecture.
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1 Introduction
It is generally known that it is the difference in the way of counting the number of accessible
states that make quantum (Bose-Einstein or Fermi-Dirac) statistics different from classical
(Maxwell-Boltzmann) statistics [1, 2, 10]: For N particles distributed among M discrete states,
the probability of a set of occupancies, {ni}, i = 1, 2, ...,M is simply propotional to the number
of distinct configurations corresponding to {ni}. If one counts distinct configurations, one
obtains Maxwell-Boltzmann (MB) statistics, with the probability
p{ni} = N !
MNn1!n2! · · · nM ! . (1)
If one does not count distinct configurations or if one assume that each {ni} defines a unique
configuration, one obtains Bose-Einstein (BE) statistics
p{ni} = N !(M − 1)!
(N +M − 1)! . (2)
If one further imposes the Pauli exclusion principle, Fermi-Dirac (FD) statistics is obtained.
Let us consider a simple but illustrating example. When N = M = 2, in MB statistics,
p{2, 0} = p{0, 2} = 1
4
, p{1, 1} = 1
2
, (3)
in BE statistics,
p{2, 0} = p{0, 2} = p{1, 1} = 1
3
, (4)
in FD statistics,
p{2, 0} = p{0, 2} = 0, p{1, 1} = 1, (5)
In this case, the three statistics are distinct. In the case of N = M = 2, it is generally accepted
that Eqs.(3)-(5) must be obeyed, or that there is no intermediate case where
p{2, 0} = p{0, 2} = a, p{1, 1} = 1− 2a, (6)
where 0 < a <
1
4
or
1
4
< a <
1
3
The main purpose of this paper is to present some arguments and an example which suggest
that the intermediate case (Eq.(6)) will be obeyed by real Bose or Fermi particles in the case
2
where the overlapping between particles are neither sufficient nor negligible. One may wander
if this intermediate case can be explained by the fact that BE and FD statistics approaches
to MB statistics in some (classical limit) cases where 1 << N << M . However, in our
discussion, N and M is fixed and thus the three statistics are distinct (Eqs.(3)-(5)) all the
time. So this intermedate case is different from what can be explained by the classical limit.
In the next section, we will do some preliminary discussions about how totally symmetrized
(thus entangled) states can be dealt as some direct product (thus not entangled) state in some
cases. In section3, we present discussion where we conjecture that real particle will obey some
intermediate statistics between the quantum statistics and the classical one. In section4, we
present an example consistent with the conjecture.
2 symmetrized and direct product state
Let us consider a 4-particle symmetrized state. Since the generalization to n-particle (n is a
positive integer) and antisymmetrized case of the following arguments is straitforward, we omit
it for the sake of the space. The 4-particle symmetrized state is
|Ψ〉 = 1√
4!
|ǫijkl|ψi(x1)ψj(x2)ψk(x3)ψl(x4), (7)
where i,j,k,l = 1,2,3,4.
(The antisymmetrized state is obtained by replacing |ǫijkl| by ǫijkl in Eq.(7).) As we see, the
symmetrized state is an entangled state. So we cannot endow some subset of the 4-particle, say
particle1, with some pure states. Hence, even if we want to describe only particle1, we must use
the 4-particle symmetrized state in principle. However, single-particle pure states succesfully
works in some cases. This seemingly paradoxical fact is well known [9, 8] and resolved by the
fact that as the overlap between particles are reduced the physical prediction of the 4-particle
state (Eq.(7)) will approach to that of single-particle state. However, it should be that the
same thing can be said for all possible subsets of the 4 particles. That is, we must be able to
explain, for example, how a state of the form
[ψ1(x1)ψ2(x2) + ψ2(x1)ψ1(x2)][ψ3(x3)ψ4(x4) + ψ4(x3)ψ3(x4)] (8)
3
succesfully works in some cases. This may also be explained in the same way as above. In
this section, we will describe from different perspectives how the 4-particle symmetrized state
(Eq.(7)) is reduced to some direct products of subsystem states that are symmetrized in itself
(Eq.(8)). Now, let us assume that ψ1(x) and ψ2(x) (ψ3(x) and ψ4(x)) are peaked around x ≈ xA
(x ≈ xB), while negligible except for the peaks. We also assume that xA differs enough from
xB so that ψl(x) does not overlap with ψm(x) (l = 1, 2 m = 3, 4). Then, when x1 ≈ xA,x2 ≈ xA
and x3 ≈ xB, x4 ≈ xB, the only nonnegligible terms in Eq.(7) is
[ψ1(x1)ψ2(x2) + ψ2(x1)ψ1(x2)][ψ3(x3)ψ4(x4) + ψ4(x3)ψ3(x4)]. (9)
Eq.(9) is just the state (Eq.(8)) to which the totally symmetrized state (Eq.(7)) should be
reduced. In the guidence formula of the deBroglie-Bohm [4, 5, 6, 7] model, only the nonneg-
ligible part play their roles. We can say that the total wavefunction (Eq.(7)) have effectively
reduced to Eq.(9) [8, 7]. In this case, the 4-particle physical system behaves as if it is com-
posed of two 2-particle entangled states each corresponding to ψ1(x1)ψ2(x2)+ψ2(x1)ψ1(x2) and
ψ3(x3)ψ4(x4) + ψ4(x3)ψ3(x4), although, in principle, it is a 4-particle entangled state. How-
ever, it is this effective reduction that seamlessly explains the reduction of wavefunction of
measured system [8, 6, 7]. From the viewpoint of the de Broglie-Bohm model, the effective
reduction can occur in any physical processes including the measurement process. Since the
de Broglie-Bohm model is, at least, equivalent to the standard quantum mechanics, we can
say that the concept of wavefunction reduction should be introduced to the standard quantum
mechanics in any physical processes where the effective reduction of wavefunction occurs, not
only in the measurement processes. So in the case of the above 4-particle state, we should say
that the totally symmetrized state (Eq.(7)) has been reduced to Eq.(9), in the same way as we
say that wavefunction of a system has been reduced to some wavefunction after measurements.
3 The implication of the wavefunction reduction on
quantum statistics
As explained in the previous section, it is the overlap between ψi(x) constituting the totally
symmetrized wavefunction that determines whether we should use the totally symmetrized
4
wavefunction (like Eq.(7)) or some partially symmetrized wavefunction (like Eq.(9)). Now, let
us consider the counting ways of accesible states in the case of the previous example involving
Eqs.(7)-(9). Does the state of Eq.(9) should be regarded as distinct from the state
[ψ3(x1)ψ4(x2) + ψ4(x1)ψ3(x2)][ψ1(x3)ψ2(x4) + ψ2(x3)ψ1(x4)]? (10)
There may be two answers to this question: firstly, we can say that they (Eqs.(9)and(10))
should not be regarded as distinct states since the 4 particles are in principle in the totally
symmetrized state (Eq.(7)). Secondly, we can say that they should be regarded as distinct ones
since they have been reduced to one of the two states. If the latter is correct, the group of
the particle1 and particle2 (or particle3 and particle4), as a whole, will obey the MB statistics
while within the group each individual particle will obey BE statistics. This is consistent with
the general assumption of canonical distribution. So we can say that the latter is correct. Thus
we can also say that the degree of overlap determines the counting ways and ,as a result, the
statistics. Thus, when each ψi(x) is overlapping sufficiently (negligibly) with each other, the
particles obey quantum (classical) statistics. Then, we can pose the following question. Which
statistics should particles obey when the overlapping is neither sufficient nor negligible? In this
intermediate case, it seems that the particles will obey some intermediate statistics between
quantum and classical statistics, as the one of Eq.(6) in the case of M = N = 2. One may
wander how this intermediate statistics will be possible in spite of the fact that there is no
intermediate particles between quantum and classical ones. Here we underline the fact that
it is not the symmetry of wavefunctions but the properties of (many particle time-dependent)
Schrodinger equation’s solutions that directly determine the statistics of particles. In other
words, the quantum equipartition principle is mere consequences of Schrodinger equation, as
if the classical equipartition principle is consequences of Newtonian equantion. Summarizing
this section, we say that particles obey some generalized statistics that contains the quantum
and classical statistics as special cases. The level of overlapping determines the statistics that
particles should obey among continuous generalized statistics.
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4 ensemble of particle pairs tunneling through a poten-
tial barrier
Now, let us consider an ensemble of pairs of (identicle) particles that tunnel through a potential
barrier. We assume that the probability of a particle’s reflecting on (tunneling through) the
barrier is 1
2
. Then, what is the probability p{0, 2} (p{2, 0}) for both particles to tunnel through
(to reflect on) the barrier? What is the probability p{1, 1} that one particle tunnels and
the other particle reflects? There are two ways of calculating the probability [11]: with MB
statistics-like ways,
p{2, 0} = p{0, 2} = 1
4
, p{1, 1} = 1
2
, (11)
with BE statistics-like ways
p{2, 0} = p{0, 2} = p{1, 1} = 1
3
. (12)
(It is assumed in Ref.[11] that the latter is correct.) Applying the assumption about the
generalized statistics of the previous section, we will get the following result. When each
member of particle pairs is overlapping sufficiently (negligibly) with each other, the ensemble
should be described by 2-particle symmetrized state of the form
Ψ(x1, x2, t) =
1√
2
[ψA(x1, t)ψB(x2, t) + ψB(x1, t)ψA(x2, t)] (13)
(by a direct product of two single-particle states) and the ensemble will obey Eq.(12) obtained
by BE statistics-like ways (Eq.(11) obtained by MB statistics-like ways). We note that Eq.(13)
is a solution of 2-particle Schrodinger equation if each constituting single-particle wavefunction
ψA(x, t) and ψB(x, t) is a solution of Schrodinger equation. Let us assume that each wavefunc-
tion ψA(x1, t) and ψB(x2, t) is traveling Gaussian wavepackets that tunnels through a potential
barrier with a probability 1
2
. Wavepackets evolutions of this type for single particle and one-
dimensional case are well studied [12]. The wavepacket starts to move to right from a certain
point to the barrier. Later, the wavepacket collides the barrier and splits to two parts, one
of which, after tunneling the barrier, continues to go to right, while the other one of which,
after reflecting on the barrier, goes to left. Now, in order to test the conjecture of the previous
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section in the case of this example, we estimate the statistics by analyzing the value
|Ψ(x1, x2, t)|2 = 1
2
{|ψA(x1, t)|2|ψB(x2, t)|2 + |ψB(x1, t)|2|ψA(x2, t)|2
+2Re[ψA(x1, t)
∗ψB(x1, t)(ψA(x2, t)
∗ψB(x2, t))
∗]}. (14)
|Ψ(x1, x2, t)|2 is the probability density of finding particle1 at x1, particle2 at x2 at a time t.
Note that we are now working in the de Broglie-Bohm model. So there is no problem in the
interpretation like this. Since the de Broglie-Bohm model is at least equivalent to the standard
quantum mechanics, some results obtained using the Broglie-Bohm model will be as correct as
the standard quantum mechanics. So we obtain that
p{0, 2} =
∫
∞
0
∫
∞
0
|Ψ(x1, x2, t)|2dx1dx2, (15)
p{2, 0} =
∫
0
−∞
∫
0
−∞
|Ψ(x1, x2, t)|2dx1dx2, (16)
p{1, 1} =
∫
∞
0
∫
0
−∞
|Ψ(x1, x2, t)|2dx1dx2 +
∫
0
−∞
∫
∞
0
|Ψ(x1, x2, t)|2dx1dx2, (17)
where t is sufficently large.
When ψA(x, t) and ψB(x, t) does not overlap, the last term of Eq.(14) , on average, vanishes.
In this case, we obtain
p{2, 0} ≈ 1
4
, p{0, 2} ≈ 1
4
p{1, 1} ≈ 1
2
. (18)
However, when ψA(x, t) and ψB(x, t) overlap much, the last term of Eq.(14) contribute to the
integrals at some cases: let us assume that
ψA(x, t) ≈ ψB(x, t) (19)
and
x1 ≈ x2. (20)
Then the last term of Eq.(14) contributes to the integrals as much as remaining terms of the
righthandside of Eq.(14). However, the condition (Eq.(20)) is satisfied in the case of Eqs.(15)
and (16) but not in the case of Eq.(17). Thus, p{2, 0} and p{0, 2} become multiplied by a
factor 2, approximately. Therefore,
p{2, 0} ≈ 1
3
p{0, 2} ≈ 1
3
p{1, 1} ≈ 1
3
. (21)
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However, when the overlap is intermediate, we will obtain some results between Eq.(18) and
(21), as we have expected. Summarizing these, we can say that in accordance with the level of
overlapping between ψA(x, t) and ψB(x, t), the (Bose) particles will obey some statistics
p{2, 0} = p{0, 2} = a, p{1, 1} = 1− 2a, (22)
where
1
4
< a <
1
3
.
The generalization to Fermi particles can be done by replacing the + sign by the − sign in
Eq.(13). Then,
p{2, 0} = p{0, 2} = a, p{1, 1} = 1− 2a, (23)
where 0 < a <
1
4
.
However, since the example of this section do not describe an equilibrium processes, we can
not say this example verifies the conjecture of the previous section although this example is
consistent with the conjecture.
5 discussion and conclusion
It may be that in most cases the intermediate (or generalized) statistics is not needed in
describing physical phenomena. However, the generalized statistics needs to be searched for. To
summarize, the concept of wavefunction reduction should be introduced to standard quantum
mechanics in any physical processes where effective reduction of wavefunction occurs, as well as
in the measurement processes. With this, we have made a conjecture that particles obey some
generalized statistics that contains the quantum and classical statistics as special cases, where
the level of overlapping determines the statistics that particles should obey among continuous
generalized statistics. We present an example consistent with the conjecture.
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